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ABSTRACT 

A formula is found for the mutual inductance and force between two coaxial 
helical wires which, in addition to the well-known current-sheet formula, contains 
small correction terms, one of which represents the axial components of current; 
one the finite diameters of the wires; and another w a , which depends upon the 
relative azimuths of the helices, arises, naturally, from the actual helical form of 
the windings. The pitch of the windings may be different in the two, but each is 
considered so small in comparison with the cylindrical radii that terms relatively 
smaller than the square of this ratio may be neglected. The number of turns is not 
necessarily an integer. 
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I. INTRODUCTION 

A formula of precision sufficient for absolute electrical measurements 
of the mutual inductance or force between two coaxial helical wires 
does not appear to have been developed to the same degree of precision 
as in the case of a self inductance. The principal part corresponding 
to current sheets is well known, but even if the construction were 
perfect, there remain certain small correction terms which must be 
found by starting with an idealization of the coils which is nearer the 
actual than a current sheet. The procedure here adopted as the most 
natural is to formulate the mutual inductance as Neumann's double- 
line integral and to expand the integrand in a Fourier's series as a 
function of the difference of the angular parameters of the two helices. 
The constant term of this series gives the current sheet formula, pro- 
vided both angular and axial components of current are included in 
this term. The remainder of the series gives a correction depending 
upon azimuth of the two helices, which is relatively small for such 
closely wound coils as are used in practice. By restricting the problem 
to cases where the windings of the one do not come too close to those 
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of the other, we avoid most of those evaluations of proximity effect so 
troublesome in deriving a formula for self inductance. 

The equations defining the first helix, h Xj may be taken as the three 
equations which express the rectangular coordinates, x u y% } z u of 
any point, P lf on it, in terms of a single independent parameter. The 
most suitable line parameter in this case is the angle 0%, where z l} r tf 
and 6 X are the cylindrical coordinates of P x . If the rectangular axes 
are right-handed, a positive pitch, 2irjPi, corresponds to a right-handed 
helix. If the plane x=x h and the azimuth 0=0< x are those of its 
initial point, and x=x ev 9=d ei its end point, and if r x is its cylindrical 
radius, the equations of h x are 



•, where 6 tl £6 x £6 n . (1) 



Xi=x il +p 1 (d l —d il ) 
y x =r x cos 0i 
Sx=fi sin 0i J 

Its axial length, l u is given by 

h=x ei —x il =p 1 (6 ei —d il ) =2irp x N x . (2) 

Its element of length has the magnitude 

(3) 



ds x =^/r x 2 +p x 2 dd x 




and the direction cosines 




dx x _ p x dy x _ ri sin 6 X dz x _ 
ds i -y/rf+p/ ds x ^lr 1 2 +p/ d*i 


r t cos 0i 



(4) 

If two helices of the type in eq 1 differ only in the values of their two 
constants, x tl and r u they may be considered as filaments of the same 
helical wire, w u where, for the purpose of this paper, a "helical wire" 
is defined as follows: 

To specify a helical wire, w x , of pitch 27r^i and axial length l x and 
with a wire radius, p X} whose central filament has the cylindrical 
radius r u the initial plane and azimuth of this central filament being 
x h and $ iv the plane and azimuth of its end point, x n and d ev we 
define it as the totality of all helices, h% } represented by eq 1 with 
fat and f\ in place of x iv r x ) y provided that the two constants, x ix ' 
and t\) lie in the range 

(V-a^+Cn'-rO^pi 2 (5) 

All azimuthal planes cut this wire in circular sections of radius p u 
the initial face of the wire in the plane 0=0 fp and its end face in the 
plane 6=6 ev All its filaments have the same terminal azimuths and 
the same axial length l t . Giving 6 ix a variation while holding l x 
constant corresponds to a rigid rotation of the wire about the x axis, 
while a variation in x ix with l x constant is a translation parallel to 
that axis. 

The second helical wire, w 2 , coaxial with w x is specified, as above, 
with subscripts 2. It is assumed that p x and p 2 are both positive; 
that is, w x and w 2 are both right-handed helical axes or both left- 
handed, depending upon whether the coordinate axes are chosen 
right-handed or left-handed. 
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The total "number of turns/' A T i and N 2 , are not necessarily integers, 
as no essential simplification in the final formulas would be obtained 
by placing such a restriction upon the generality of their application. 

The associated current sheet of a helix is defined as a circular 
cylindrical surface coaxial with it, having the same radius and end 
planes, on which the linear density of current has the angular com- 
ponent jo=n—l/2irj) and the axial component 4 9 = 1/2 irr. The mutual 
inductance between the sheets of the two helices will be denoted by 
m n , 2 —me+m x . 

The mutual inductance between one helix and the current sheet of 
the other is identical with that of the two sheets, and this statement 
holds for each component of m slS2 separately, the part me being due 
to their angular components of current and m x due to their axial 
currents. The latter, m xy may also be interpreted as the mutual 
inductance between one of the sheets and any straight line which is 
a generator of the other. 

A definition will be given later of a helix which is equivalent to a 
helical wire, so that the associated current sheet of a helical wire is 
that of its equivalent helix. 

The equivalent helix of a wire has the same pitch, terminal end 
planes, (and hence axial length), as the central filament of the wire, 
but a slightly different cylindrical radius, depending upon the wire 
radius and the nature of the current distribution in the wire, which 
is assumed to flow everywhere in the direction of the generating 
helical filament, its magnitude being a function of r. 

Hence the axial length adopted here for that of the current sheet 
of a helical wire is in harmony with that generally accepted. All 
single-layer solenoids are, in fact, helical wires, but when N is an 
integer they have generally been treated by idealizing them as N 
equal coaxial circular turns of wire, their central planes equally spaced 
at z=2irpn i 7i=0, 1, 2, 3, ... N—l, so that the distance between 
central planes of the first and last turn is 2*pN--2irp. If all these 
circular turns are cut by a plane through the x axis and each given 
a shear, they go exactly into the "helical wire" here defined. The 
current sheet associated with this series of circular turns of wire is 
generally taken with length 2wp plus the axial distance 2TrpN—2wp 
between central planes of the first and last wire, that is, 2irpN, which 
is the length adopted here in general, although we do not restrict N 
to be integral. 

II. FORMAL EXPRESSIONS FOR THE MUTUAL INDUCT- 
ANCE AND FORCE BETWEEN TWO COAXIAL HELICES 

The mutual inductance, m, between the helix h u and that h 2 is 
here defined by the Neumann's double-line integral 

r , rJ cos (ds u ds 2 ) 

Letting 

jR2(^)=r, 2 +r 2 2 -2r 1 r 2 cos f, (6) 
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this becomes 

m= 



dxi I 

x h J x h 



dx 2 



P1P2 



COS l//(Xi,X 2 ) + l 



^(x 2 -x 1 y+R 2 mx u x 2 )y 

where t^(xi,cc 2 ) is a function of (x 1) x 2 ) given by 



«**>=H'*-£-H>>-£ 



(7) 



(8) 



The part of m which is due to the angular components of current in 
the two helices is that part of the integral in eq 7 attributable to the 
first part of the numerator r x r 2 cos ip/pip 2 ] the part coming from the 
item 1 in the numerator is due to their x-components or axial com- 
ponents of current. The latter is a small quantity compared with 
the former (in general, of second order, when p t /ri and p 2 /r 2 are both 
small quantities of the first order). 
Writing eq 7 in the form 

JX»\ I X«2 

dx x I dx 2 i[x 2 — x u \p(x h x 2 )] 
X%\ JX{ 2 

and changing the variable x 2 to x f by the substitution x'=x 2 — x x gives 

Cx n pXez-Xl 

m= dxi f [x' ,\p(x u x' +x{)]dx' 

JXi x JXi 2 —Xi 

Next, changing the variable x x to x" by the substitution x"=x e2 — x : 
gives 



m 



= P* UX dx" f" f[x'MXe2-x\x'-x"-\-X e2 )]dx' 

JXe 2 X ei J X (£«2 Xi 2 ) 

dx"\\ j[x',^(x e2 -x",x e2 -x"+x')]dx' 

J X «2 — X «j I J 



■X 



X \X»2 — Xi 2 ) 



fix 



dx"\ f[x',H 

Jo Jo 

JX*2 — Xei 1 X 

dx" f[x',+(x c2 
J 



x e2 X 



,*P(x e2 — x" ,x e2 — x"+x')]dx' 
f x e2 x \~x \ax 
jX e2 x ~\~x \dx 



— dy\ f[x',\l/(x e2 —y,x e2 —y+x')]dx' 

J X e 2 — Xt\ J 

In the last double integral, the variable of integration x" has merely 
been replaced by y in order that the symbol x" may be used in another 
sense, so that the four integrals into which m is resolved in eq 9 below 
shall each have the same designation of their two variables, and shall 
have limits of the same general form. In the last double integral we 
next change the variable y to x" by the substitution x"=y— (x ei —x i2 ), 
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fa" f[x' t ^{x { -x\ x t -x"+x')]dx'. 

Hi-Xii JO 

Writing the x" integral of this in the form 

Jo ( )dX "~)o ( )dx " 

m=j X o "~ Xi dx"J X o 'f[x', *„,,(*', x")]dx' 
-f*"~ X "dx''j X 'j[x', + t Jx', x")W 
+ f* <> ~ X ' l dx"f o X 'j[x', f i>ei (x', x")]dx' 
-£ rXi, dx"J X o 'j[x', + itii (x', x")}dx', 



gives 



where 
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(9) 



(10) 



In what follows we shall use x (positive or negative) to represent one 
of the following four x-differences, and B x for the associated constant 
azimuth-difference . 



x — x^ *£<u Xg} %eD %i% **'«i> ano. x^ Xi t 
Qx=Qe l —'Qiij 0«3~~0«i> ^u^^eu and 0<,— 0*, 



(id 



These four differences represent the four possible axial distances 
between a terminal plane of hi and a terminal plane of h 2 . The cor- 
responding azimuth differences, 6 X} are those of the respective pairs of 
terminals (having the same subscripts). Equation 10 may by a 
similar notation be condensed into 



tbfe.*) -js+GrkV''"*' 



(12) 



where *•->*•«,» iL*, **»• and ^ 



a|<i' ^ e%t\* * i%t\> 



W 



From the definitions given in eq 11 and 12 it is found by the use 
of eq 1 and 2 that ^=^ and ^=^ w 
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Hence eq 9 shows that the mutual inductance between two helices is 
of the form 

m=«(* J| — x^)— ©(a:^— a;J+»(af fc — sj— «(a^— a^) (13) 

Consequently, the x-component, /, of the attraction of h 2 for h i} when 
each carries unit current in the same direction, is given by 

/=— u'(x e — xd+w'iXe,— x ei )— <a' (x h —x^+(a' (x^— x h ), (13)' 
where primes denote derivatives with respect to the x-argument and 



dx 2 J PiP2_ 

Jo V^i 



cos \p x +l 

where i? is a function of \f/ x defined by eq 6 and \p x is defined by eq 12. 
It will be found that o> is an even function and 0/ an odd function of 
the z-argument, both vanishing with it. 

It is necessary to evalute the integral co (x) for positive and negative 
values of x in order to treat all possible coaxial helices. To do this 
we note that the integrand in the integral of eq 14 is an even periodic 
function of \p, with period 27r, and may therefore be developed in a 
Fourier's cosine series. To find this series, consider the function 



k/4^ll — k 2 cos 2 6, where the modulus, lc, is a positive real in the range 
^ k ^ 1 . This function has the development 

5=K«o(&)+Z>*(*) c ° s 2nd, (15) 



4Vl-Fcos 2 2™ w ' fcj 
where the functions $ n (k) are given by 

IT V 

1 n\ a n\ kfi cos 2nd . (— 1)* * f 5 " cos 2nd ,. , ta . 

""Jo t/1—k 2 cos 2 6 * Jo Vl— & sin 2 9 

They may be expressed in terms of the hypergeometric series 

p»+i r ( w +2) r ( n +2) /ll \ 

«.»)- IT— r(2n+l) 2/ *\"+i"+|'2"+l. *■> (17) 

When jfc-»l every <^-><», its principal part being <£ n ^— log™ where 

k' is the complementary modulus. These functions satisfy the dif- 
ferential equation 



** a£nr" *■' *>]" (4/r ~ 1} ** (fe) ' 



where ^n'—j^a- (18) 

The first two functions of the series, </> and 0i, are expressible in terms 
of the two complete elliptic integrals of the first and second kind with 
modulus k. 
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x/i* k imA A±ti* 2( K(k)-E{k) \ kK(k) no , 

<i> (k) = -K(k) and <j> l (k)=J^ g — ^J ^ (19) 

Any other function, #»(&), could be computed in terms of $ , and <fo 
by successive application of the recurrence relation 

(^+|)<^i+(n~y^ 1 =2n(p-- l)</>„ (20) 

The derivative, </>£ is given by 

^ 2 ^(fc)=(n-^)[^_ 1 -(| 2 -l)^] (21) 

When & is a function of x, n, and r 2 defined by 

z„2 ^ 



~x 2 +(r 1 +r 2 ) 2 



(22) 



the mutual inductance of two coaxial circles of radii r x and r 2 (the 
distance between their planes being x) is M=47r 2 v / '/V2$i(&) 
Their attraction, F, with unit currents is F=—D X M } so that 

FiCifc) ■4*Vi(*) s = Mj and Y 2 (k)^7r 2 k 3 cl>[(k)==^pF (23) 

These are convenient for finding <£i(&) and <t>[(k), because the func- 
tions Yi(k) and Y 2 (k) are tabulated against k 2 in table 2 of the Scien- 
tific Papers of the Institute of Physical and Chemical Research 
(Komagome, Hongo, Tokyo, 1927) by Nagaoka and Sakurai. 

When k is given by eq 22, the functions <p n (k) satisfy the partial 
differential equation 



f 1 — 2a ct 2 —n 2 \ 

= {dI + D% + 1 -^D T2 + °^\ (V»*0, (24) 

where a is any constant. 

There are also the integral representations 

where J n is Bessel's function. The modulus, &, in all that follows, 
will be understood as the function of x, r iy and r 2 defined by eq 22, 
unless otherwise stated. When x is replaced by x x it will be called 
k u and k means the modulus for x=0. 
Hence, as shown by eq 15, 

M+mr ^kl Mki)+2 ^ (ki) cos n 4 (26) 
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so that the required Fourier's series for the integrand of eq 14 is 

-^cos ^*+l ., f 

V1V2 Yx _ 1 hr 2 , u (h , 

+ijcos n^[^(* l . 1 (i 1 )+* 1+1 (fc 1 ))+2* l (i 1 )][ (27) 

Hence eq 14 may be put in the form 

o) (x) = a>o (x) + w x (x) + w a (x, B x ) , (28) 

where 

W,l,2 = ^ + W ; 



00 

1 r* /% 

&>*(£>#*) = -7= I dx 2 I cfci cos n^fejXa) 
yrfajo Jo 

[^(*rt(W+*M4<fc))+2*i(w] (30) 

The term co* is the part of the integral of eq 29 involving &; the term 
to* the small part involving <t> . 

To prove that the », lta defined by the integral of eq 29 is the w 
function which, if used in the general formula, eq 13, would give 
the m $U2 previously defined as mutual inductance of the two associated 
current sheets, we may start with the elementary formulation which is 



£•1 P x *i P 2t P 2t 

(fa, I (fa, J I* 



^- cos (ft- 00 + 1 



Vte-zO'+im-tfi) 

£1^2 
P1P2 



COS l£+l ( 31 ) 



Vfe-^r+W) 

By transformation similar to those used in passing from eq 7 to eq 13 
(but much simpler) one finds that 

px*! (*x $i 

dxi I dx 2 1{x 2 — Xi)=u(x e2 — Xn) 

Jxi x Jxi 3 

— w(x e2 —x e i)+u(xi2—x e i) — w(x l2 —x a ) (32) 
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where 

J*x fx% rx r-x r*n 

dx 2 fixjdxr* {x—x l )j{x l )dx l = dx 2 f(—Zi)dx u (33) 
o Jo Jo Jo Jo 

provided / is such a function that these integrals converge. This 
shows that u(x) is an even function of x y an odd function, or neither, 
according as f(x) is. Also co (0)=0, and co'(0)=0, where to'(x)— 
D x co(x). In eq 31 f(x) is an even function of x, so w(x) is an even 
function of x, and m ss is therefore reduced to the general form of 
eq 13, where the o)— function is 

*£*cos>+l 
, =o»+«,= I dx 2 I dx x I ^m^ 



p ,-«*= I dx 2 I dx x I -^-J 

Jo Jo Jo 2 *^+™ 



XX f%2r m TiT 2 



(34) 



Using the expansion eq 27 for this integrand, the ^ integral vanishes 
for all terms except n=0, so that eq 34 becomes identical with eq 29, 
thus proving that the latter corresponds to current sheets. 

It is useful to notice the two following partial differential equations 
satisfied by the components cob and co x , which are derivable from the 
definition 29 together with eq 24. 

A^^+Z?^^ (35) 

=( Dl+D 2 r 2 ^~D t \e=^ hih) (36) 

V r 2 V pip 2 

III. THE PRINCIPAL TERMS u e AND en' 

The equation 29 gives 



where 



Now, by eq 22 



so that 



co*(z)=W(z)-^ 2 f*xi*i(*i)<fei 

2>lP* JO 

«a'(x)=^f% 1 (*i)(& l 
2>i^2 Jo 



1 1_ aj 

k\ kl Ar x r 2 



Xidxi^—^r^ 
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Hence 

By eq 18 

^Hi[?T^'«]-wl*<»-(«-»>«) 

1 dVKjh) (2 •S K(Jci)-EQc 1 ) -\ 
~3x<«:iL h \k\ V h J 



Hence 



^jr^*^-^if-(p-o(^] 



minus the same function of k 0f which, being independent of x, may 
be discarded from the a> function as it always cancels from eq 13. 
Hence, placing 

1 ^tNjNj 

&>t (a?) =aW (x) 

+^P<Hp) V* 2 + (r. +^"(p- (K - £) ] (37) 
To find w^(x) we use eq 16. 

»> 9 (z)=£E* fees 2ft» fI**L__ 
*PiP2jo JoVl-^i cos 2 



Integrating this by parts gives 



« *2L P cos 2ddd ( '_** 

Jo S L B(2») J 



( „v T) _ 2(r,r 2 )^ f " 2 sin 2 2ftft? 

" «yi3>J JoR 2 (26)t/x 2 +R 2 (28) 



X ^^kk* f — 'fr'** 



Jo(l— W cos 



4rpiP2 Jo(l-V cos 2 6)^l-k 2 cos 2 
V^r" 2 , ^ sin 2 fl(l-sin 2 fl)(# 
«9A /I ^^1-^1 
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V 

^ Vnrj f l dd f l-(l-& 2 sin 2 fl) 



so that 



where 



V L l-fr, 2 sin 2 0j' 



-X 



d0 



(l-£ o 2 sin 2 0)Vl-& 2 sin 2 

K K 



_ T du —ts\ C k(?sn 2 u , 

J 1 — k 2 sn 2 (u, k)~ J Q l—k 2 sn 2 u 
The equation may also be put in the form 

w ' (x) = "WT"r * + (ri+r2) ( ^+V x 2 +(n+r 2 ) 2 [K ~ n] ) 

For computing, it is sometimes preferable to introduce the Jacobian 
zeta-f unction, Z. 

*- n =*7vM>^ i,)+ T-0 (38> 



where 

0<<? o =sin ^r<^ 



l *o' ^ 



Hence 



27rA^,iV 2 f 



co/(x)=^g^j a; V^+ (n+r 2 ) 2 (if-i?) 

i^-^I^Z^/O+^l^-l]) (39) 

Where the plus sign belongs with positive x and the minus with 
negative x, the bracket multiplied by ± vanishing when x=0. (Also 
the absolute value In 2 — r 2 2 | must be observed.) The zeta-function is 
expressible in terms of E(0, k') and F(0, k') for 

Z{d ) k') = E{d,k')-§ } F{d,k'). (40) 

Using the AGM method of computation, 1 and finding a n} b ny and c n 
by the formulas 

i L. V. King, On the Direct Numerical Calculation of Elliptic functions aud Integrals, page 8. 
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a„=^(a n _ 1 +6 n - 1 ), & n =vW-i&n-i, c n =2( a *~i~~^»-~i) 



tan {6 n+l —e n ) = ~ tan 0„ 
a n 



(41) 



and starting with the initial values 

k ' 
ao=l, &o=&, Co=k', and o =sin~ 1 -pr 

then 

T ^y r) =|S and Z(0 O , fcO=Ci sin d l +c 2 sin 2 . . . . c n sin 6 n . (41)' 

Using the initial values a =l, b =k', and c =t, 

gives 



#=^andX-#=(cg+2c?+4c 2 2 .... 2"c») 



if 



The formulas 41' are the result of successive applications of Landen's 
transformation which increases the amplitude and decreases the 
modulus. Hence, they will be most suitable when ¥ is small. 

If, however, k f is large it is easier to work the transformation in 
the opposite direction of increasing modulus, in which case the 
formula is 

K%%, ft') + rF $$, ky -l f (l-sin *.)+#S(*», *), (41)" 



where 
and 

and 



a =l, b =k\ c Q =k 



sin (2ifc,+i— ifc,)==~ sin ^» (beginning with ^ =^o) 
a n 



tan (2^2—^Q , ^ tan (2^ 3 — ^2) , -,,. tan (2^4—^3) 

■fc) + 4 cos (2^ 5 

tan (2^ w+2 — ^n+t) 



S(A» O-20,— (2^_^)+ 6c 3^ (2^-^) + 14c4 C ( 



+ 



+2(2 1 +»-l)c n+2 



cos (2^ n+3 — ^ w+2 ) 



King 2 also gives an alternative to this with the same a n , b ny and c„, 
and the same recurrence formula between ^ n+1 and yp ni as above, except 
that it starts with 



sin2 ^=p{l-|)= 



x 2 



a: 2 +(r 1 —r) 2 



» There is evidently a misprint in King's formula 7 see eq 75 or 75 defining 2(<£nC*). The general term 

2 
should contain the factor 2(2i+»— l)c»+a and not 2(2"— l)c*+j. 
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in which case 

To interpret the function 0^(2) in eq 39 it will be found that if 
the factor JVi/^=l/2irft is omitted and x replaced by l ± in eq. 39 the 
result is the mutual inductance between the helix hi (or its sheet) 
and a circle of radius r 2 in its end plane. This is found from eq 13 
by letting Z 2 ->0. The formulas for w d (x) and co' d (x) when used in 
eq 13 or 13' are equivalent to the formulas derived by Jones 3 for 
the mutual inductance of two sheets and the force between them. 
The principal part of the force comes from the u' d function and is, 
by eq 13', 

fe=[o>' d (x i2 — x tl ) — u e (x i2 —x ei )] — [<ti' e (x e2 — x^-u Q (x e2 — x n )]. 

By the above interpretation of the function u' d (x) it is evident that 
the first bracket is N 2 /h times the mutual inductance between helix h { 
(or its sheet) and the initial circle of sheet 2 (in the plane x—x i2 ). 
The second bracket is N 2 /k times the mutual inductance between h x 
and the end circle of sheet 2 (in the plane x=x e2 ). 

IV. EFFECT OF AXIAL CURRENT IN HELICES AND 
LEAD WIRES 
From eq 29 

x C x 1 C x 

<*x (x) = —f= I 0o (h) dxi — 7= Xifo (fa) dxi = xa x (x) 

1 C x 

7= <t>^h)xidx^ 

Now, by eq 19 and 22 

ir L k k J 

Hence, we may take 

co 2 (3) = zco, (x) ^ ^ 1 (42) 

dropping the term in k , which is independent of x, and therefore 
always cancels from eq 13. 

3 J. V. Jones, Proc. Roy. Soc. (London) [A] 63, 198 (1898). 
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To find ca' x (x) we may use eq 17 






dxi 



^+(n+r 2 ) 2 r* 

s= o i '{8 + 1) 



1 1 1+Sm 7 . rt/ 7 2\ 

where 

x 



y= tan" 1 ; 



and 

S(y, feo)-iy ^Vll)Po^l~«, ^ | sin 2 T ) 

^ r»(«+i) V 2 2 / 

Now, sin y£ is, in general, small compared to the logarithm, except 
when 7=0, in which case they both vanish; but as x becomes large, y 
approaches w/2, and the logarithm becomes infinite, while the series 

approaches the finite limit S( -^>k Wlog ., , * > > which vanishes if k — 0, 

and has its greatest value, log 2 = 0.69, when & — 1- Also S vanishes 
when &o=0, so that, since the term sin yS(yik ) is a small correction 
to a second-order term, a good approximation is obtained (sufficient 
for all cases with which this paper is concerned) by taking 

sin yS(y,k ) =sin 7 log j~np> 
so that 

where r m is the greater of r x and r 2 I since . ", , ■=— V It may be 

noted that the method used to obtain Jq <t>i(k{)dxi in the preceding 
section leads to 

An approximation similar to this may be obtained from eq 17 in 
the form 

1 C x 

-7= <ft,(fci)<fci=sm ykl n 8 n (y ,k ), 
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where 



when 



so that 



Hence an approximation sufficient for use in second order terms is 
obtained by placing 



v 2n 

f 



so that the following approximation analagous to eq. 43 is obtained: 

^J o ^^=;^=^^) B if n>0 and r 2 > ri . (44) 

When the lead wire of length l x for the return current of h x lies parallel 
to a generator of the current sheet but at a slightly greater distance 
from the axis, say r^—ri+Ari, the mutual inductance between this 
lead wire, l u and the helix, h 2 , is (as far as second-order terms are 
concerned) equal to that between l x and the current sheet of h 2 , the 
corresponding co-function being 

— «*fo r h , r 2 ) = — a) x (x, r u r 2 ) — Ar l D Tl o) x (x J r u r 2 ). 

If the lead wire of No. 2 is similarly situated at a distance r t2 ~r 2 + Ar a 
its mutual inductance with h x has the co-function 

— a> x (x, r u r ia )=— «*(s, r u r 2 )—ArJ) r2 <a s (x f nr 2 ). 

This arrangement, of course, implies that the number of turns, N\ 
and N 2 , are integers, so that the azimuths of the two lead wires are 
0<! and 6i 2 . Their mutual inductance with each other is determined 
by the co-function, coj li2 , as in eq 13, and their force by co^ t , as in 
eq 13', where 



wiiiafa «> r h> r h) ss «4|-' V^ 2 +^(«) (45) 

118273—39 9 
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-fcfc a, r h , r l2 ) =log Rhh{a) =J o - / === (40') 



a=6i 2 — Bi X 

The additive constant, jRj^, has been omitted from eq 45, being 
independent of x, so that it cancels from eq 13. When the radial 
distances, Ar x and Ar 2 , of the lead wires from the helices are small, 
the axial currents in the lead wires and helices almost compensate in 
their effects upon inductance and force, the residual being a very 
small term, depending upon the azimuth, a, of the coils. If u x (x, a) 
represents the total co-function due to ^-components of current in 
lead wires and helices, then 

w x (x, a)=u x {x, r u r 2 ) + <a h i 2 (x, a, n + Afj, r 2 +Ar 2 ) 

—o> x (x, r t +Ar u r 2 ) — a) x (x, r h r 2 +Ar 2 ). 

When Ari and Ar 2 are small, this becomes 

5*(a?, a) = a> h i 2 (x, a, r lv r l2 )—<t x (x, r u r 2 ) — (Ar l D ri +Ar 2 D r2 )o} x (x } r u r,). 

Since, however, these co-functions are themselves of second order, 
the terms in Ar are smaller than second order and therefore negligible. 
Hence, for this arrangement of lead wires, the co-function and its 
derivative, which takes account of all axial components of current 
in helices and lead wires, are given by 

*JLz*)-UM+*^*-J*+WfV (46) 

where 



-// n i X+Jx 2 +R 2 (a) ., N \\ , AQf . 

w£x,a) -log R / a ) "" Wx ^ = 2j C ° S na ' ( ^ 

71 = 1 

the constant term in this Fourier's cosine series being zero. The 
coefficients b n for n>0 are given by 




(Jti)efei= (46") 



'^+(r l +r 2 yn\r 



by the approximation in eq. 45, if r 2 >r t . On summing thisTourier's 
series we find the following finite form as an approximation for eq 46' 



" fM= w+m^ loe m (46 '" ) 



when r 3 >ri. 
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V. THE AZIMUTHAL TERMS 
To integrate eq 30, we may place (by reference to eq 10') 

cos n4>,=e'** m n-XHD+^C*"*)* 1 * 

with the understanding that the real part of the result is to be taken. 
Using the abbreviation 

J{n i s)=J n - l {r l s)J n _ l {r 2 s) + Jn+iins) J*+i(r 2 s) +-^^«7»(r 1 a)J»(r^). 

eq 30 becomes, by use of eq 25, 

«»(*,*,) - — e in ( 9m 'k) rdsj(n } s) f 'e in (pri) X2 dx 2 f% % fr^dx x . 

If a>0, then x x and x 2 are both positive in the range of integration 
of the x x x 2 double integral, so that e~* l * tl =e~**K When z<0, then x h 
and x 2 are both negative in the range of the integral, so that e~' lXl1 = 
e+ sx \ and the result of the integration in the latter case is found by 
changing the sign of s in the result of the integration for the first case. 
It is thus found that both results are included in the following: 

\p 2 (e V2— e~*W) pi(e v\— e~ s ^)\ 



- J dsj(n,s) 



n n 



rir 2 e inQx 



inx vnx 

p 2 e Vi __ p x e v\ __ 0-*W 



[(,.-,,)(. ± k) (,,-„)(.*«) <y^)0+*-0J 

where the upper sign belongs with positive x and the lower with 
negative x. 



The real part of this is 



« j, /* 00 



P2-P1 



£> 2 cos n\ 



( 9z ~£)_ picosn ( e *-£) 






(i-^V" 



cos nd x 



^ J 0+fX i+J f) 



: ¥jo sdsJ(:n >^ 



V2-Pl 



f, sin «(*»— £) P* sin 7 V 1- ^) 



1 + 



£> 2 



CPi+^g)^''! 1 ! sin ng^ 



>+? J 0+?X'+^)l 



(47) 



bo 

C5 



to 



I 



r 

1 
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The terms in the first integral which do not contain the exponential 
factor e~*W may be discarded, as they will all cancel in eq 13 because, 
as shown by reference to eq 2 and 11, the values of 6 x —x/p 1 will be the 
same for the first and second ^-differences, (xe 2 — x% x ) and (xe 2 —xe l ). 
These first and second x-values enter eq 13 with opposite signs. 
Similarly, the values of 6 x —x/pi are the same for the third and fourth 
z-values, x i2 —xei and Xi 2 — Xn, which enter eq 13 with opposite signs. 
Hence the term in eq 47, cos n(6 x —x/pi), disappears by the second 
z-term canceling the first and the fourth canceling the third. It is 
also found that cos n(d x —x/p 2 ) t disappears by the fourth canceling 
the first and the third canceling the second. The corresponding 
terms in the second integral, sin n(6 x —x/pi) and sin n(9 x — x/pi)y do 
not always cancel because of the ± factor which has the sign of x. 
If the associated current sheets are wholly external to each other the 
cancelation is complete, but if one lies wholly or partly within the 
other the terms sin n(9 x —x/pi) and sin n(d x —x/p 2 ) of eq 47 do not 
disappear from eq 13. 

Hence eq 47 may be written 







un(x,0 s ) = — r ^cosnd x 



n° 






-j- rirafo+pa) ^ ^ | / ^xr^2 X &±^*fe^), (48) 



plus terms which cancel in eq 13, where 

h) 

'sJjn^ds . / x\ f* a sj(n,s)ds) 






sin nl 6 X ) I — 1 - J -^ sin nl X ) I 

\ P*J \ S 2 + !^! \ Pi/ I 

I JO P2 Jo 



s 2 +- 2 

P\ 



We may now show that by limiting the application of the results of 
this section to those cases where the w* (x) are all negligible, we do not 
impose a serious restriction as far as practical mutual inductances are 
concerned, with the exception of a bifilar-wound coil in which one of 
the windings is used as primary, the other as secondary. Such a coil 
has never been used for absolute measurements, but we see no reason 
why it should not be used in the future. It would possess certain 
advantages from the point of view of accurate construction and 
measurement and would give the greatest possible mutual inductance. 
The formula for its mutual inductance has never been evaluated with 
precision as it has for a self inductance, but the problem would present 
no greater difficulty. 

It is easy to foretell that this limitation is that the helices, h x and h 2 
shall not through a finite part of their lengths be separated from each 
other by a distance which is small (of the order of p/r). 
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If H n denotes the first HankeFs function then 

Jf tm sJ m (r 1 8)J n (r 2 s)d8 _ir T /wA.„ (inr 2 \ 
— ^ ~¥\if) lH \-T)' 

when r 2 ^>r 1 . In case r 2 <Cr X) the two are interchanged in this equation. 
Since r x /p and r 2 jp are large, the asymptotic expansions of H m and J m 
show that this expression is very close to 

0m 1 — e p m cases r 2 >r x or r 2 <r x . 

^■yjr x r 2 

Hence, approximately, 

<{xfix ) =__V^_Lr l^~r^-vm_ ->-n|+«C-lh«] 

where the real part is to be taken. 
When ip 2 =pi=p, tliis becomes 

w *fc ) _ Vn^l _1 , |/-2 — ril+ ^g l^-gUn-ril+ifa-pg,)] 

n i [ft 2 7^ I 

Since the entire co a function with the factor r x r 2 is of second order in 
general, compared with the principal term, oo e , which has the large 

factor — L ; it is evident that S~ v will be utterly negligible when 

P1P2 t 1 n J ^ * 

r 2 —r x is finite (not a small quantity of the order of p). Since wj is 
only different from zero when one coil lies wholly or partly within the 
other, this means that the two must not approach very close to each 
other if co„ is to be neglected. 

The remaining integrals in eq 48 cannot be similarly integrated in 
finite terms, but it is evident that when \x\ is finite (not small of the 
order plr), we may (on account of the convergence factor e~ s W of the 
integrand) obtain the principal part of «„ by placing p x =p 2 =0 in 
the integrand, as the resulting integrals still converge, even if r x —r 2 . 
We cannot be content, however, with this restriction on x, as we must 
evaluate w n for cases where x=0. In this case, if we place p x =p 2 =0, 
the integrals in eq 48 then converge only if r x ^r 2l but if r x —r 2 is a 
finite quantity, the principal part of o: n is thus obtained. The limita- 
tion is therefore evident — the helices must be everywhere separated from 
each other by finite distances. Assuming this to be the case, and 
noting that the last term in the definition of J(n, s) is negligible, we 
obtain the result 

a n (x,d x ) = -^p[ct> n , x (k) + <l> n+x (k)] cos nO x , 

so that 

«.(a;,te) = -V^S[^i+*^i] ?^-*, (49) 
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and 

,:w i )=,-|=sk- 1 +^^?" (490 

(In finding the self inductance of a helix, the co a rises in rank from a 
second order to a first order quantity, from which originates the most 
important correction term — the evaluation of which was the only 
difficult part of that problem. The same remark would apply to a 
bifilar mutual inductance). Eq 49 holds of course when r 1 =r 2 , pro- 
vided the end planes of the two coils are not close together and the 
coils wholly external to each other (so that k is not close to unity). 

The series 49 and 49' may be evaluated by finding <£ and 4> x in 
terms of elliptic integrals by eq 19, and then finding all other <j> n or </>» 
by the recurrence relation 20 or 21. 

Since the series represent second-order terms, it is evident that 
some simpler approximation will be sufficient. To obtain such, con- 
sider the even, continuous function of 0,f(6), which is never negative 
and is a periodic function of 0, with period 2ir y defined by the series 

CO 

j(d) = ~ 2 / 2 f° r au " rea l values of 0. (50) 

71 = 1 

/(0) vanishes when 0=2nw, where n is any integer. It has the maxi- 
mum value unity when 0=(27i+l)7r. It consists of a succession of 
parabolic arcs for 

/(0)=(2~V whenOg0^ 2tt, (51a) 

and 

f(0)^U-l)fl^2) when 2x^0^ 4tt. (51b) 

Now, 

n = l 

Also from eq 15 one finds 

I ■ h C Z° r e = ^^+Sfe-iW + ^i^)1 cos nO. (53) 
* -Vl— -Ar cos z I «=i 

Multiplying eq 52 by eq 53, and integrating the product from 0=0 
to 6=2t, gives 

k C 2 *j(d+0 T ) cos 0^0 4tt m 4VV . N cos nd x 

2J0 vr=F cos* i --^^w-^Zj^"^^ 0- ^"' 
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so that eq 49 becomes 



«a(s»0») = — Vfiri 



71 . /7\ ™ 



= ~V: 



nr 2 , 



501 



Jr** f(o+e x ) cosg 
V 1 * cos2 i 

fc | /(fl+fls) cosed9 _jrk I /(H 



f(9+0 £ ) cosfl 



<20 



- fc 2 COS 2 : 



It is sufficient to evaluate this for the range 0^9 x <w since its value 
for any other range of 6 X is obtainable from this by inspection, remem- 
bering that o) a is an even function of 6 Z with period 2?r. (This restric- 
tion disappears from the end result.) With this restriction the 
argument of / in the integral from to 2ir— 6 X lies in the range 
0£6+$ w ^2w ) so that by eq 51a 

In the integral last written, as eq 51b shows, 

/<«+«=(4-e±^- 2 > 

Making these substitutions, and then changing the variable of inte- 
gration in the last integral to 6', where 6=2ir—d' } gives 



««(«,<?*)■=— Vnri, 



-fc 2 cos 2 2 



or 



-Vi 



nr 2 . 



' " 'f(e z +e) COS 8d$ T k I */(>,— g) COB fl 
o ^/l-Wcorff 8 J o ^/l-*» cosI 



-fc J COS* , 



(54) 



where both of the arguments 8 X + and 6 X — lie in the positive range 
of less than 2k. For this range, instead of the cosine series 50, we find 
a sine series for/(0) 



32 



. 30 50 

, 321 . 6 , 8m 2 . sm T 



27 



125 



, forO^0527r. 



(55) 



Since 32/7r 3 = 1.032, it is evident that a good approximation for the 
integrals in eq 54 is given by placing f(6) =sin ~ for ^ 6^ 2w, that is, 
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j(e x +6)=sm (^) and/(0 r -0)=sin (^)- 
This gives after some simple transformations 
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<o a (a;A) = — Vw 



x 2 ,., , irk . d t f 2 sin0 cos 20 



-Psin 2 ( 



9 X C y 2 J cos cos 20 

+¥ cos 2 J VT 



7T& 0,. 



~& 2 sin 2 6 



do 



(56) 



Now, 

j'Vl--£ 2 siii 2 
and 



=<fo=p[log (Jfc cos 0+ Vl-* 2 sin 2 0) 



4 n° S ^ 0s2 / . do =1 d-Jc' 2 sin" 1 (Jc sin 0)+£sin tyl-* 8 on 8 $], 
J -yl— A: 2 sin 2 * 



so that 



».(»A) — V^&(*)-i^i 



W 1 -* ,cos, 2 



F 2 
"F ^2 k 



-p- cos -| sin -I ( & cos -| j - £ sin -* log 
Differentiating this with respect to x gives 






t-t/l-Fcos 2 ! 



(57) 






« 0* 



cos -s sm 



4-vW WS 2 






—A: 2 cos -5 



+& sin J log 



3in l+-\/ 



Z:sm^+ A /l-A; 2 cos 2 - 



F 



(57') 



These equations hold for any value of 6 X since they are even periodic 
functions of d X) with period 2ir. 
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The four azimuthal differences in eq 11 may be written. 

6 C2il = a+2TrN 2 ,d e2 e 1 = OL+2>jr(N 2 -N l ), 

e i2 e l = a-2irN lf e i2tl = a^e i2 -6 tl (58) 

so that when the number of turns, iVi and N 2) are integers, every 9 X 
may be taken equal to a. It is evident that no essential simplification 
would have resulted in the formulas eq 57 and 58 had we restricted 
Ni and JV 2 to integral values at the beginning. 

To obtain an interpretation of the term u a (x,d x ), let M(x,O x ,r h r 2 ), 
or, more briefly, M(0 X ), denote the mutual inductance between the 
two incomplete circular arcs which are the parts of the two coaxial 
circles of radii r x r 2 (the distance between their planes being x) included 
between the azimuth planes 0=0 and 6=6 X . 

When the circles are complete we have by eq 23 

M(2x)=47r 2 V^0iW 
In general, if Q<C0 x <C2tt 

Jo Jo Vz +-B (#2— #i) 
which may be transformed into 

M (fl,) _ C 1 ' p k cos ftc 

v^ Jo M. 2 ^^r tw 2 

Using the expansion in eq 53 for this integrand gives 

2Jw = 2 Mn 2j' 1? (1_C0S nBx) - (59) 

71 = 1 

Equations 49 and 59 are equivalent to 

Wa(a?A)=««(»,0)+^[M(^)-(^YM(2ir)J when O£0*£2*. 
Since, by eq 57, 

, m M(2w) Wn^*Yi f - i/\ 

««(s,0) = ^ - ■^2F~V 1 "~F sin V 

this may be written 

«.W.)— ^| i) +|[m(«-( ; |)'m(2»)] 

-°^M***} (60) 

which furnishes an interpretation for part of the term w m (xfl x ) } although 
this form has no advantage in computation since the mutual induc- 



\d9i 



2 ^1 

cos" 5 — 



Snow] 
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tance M(6 X ) of the two incomplete circular arcs is not a well-known 
or tabulated function as in the case M(2ir) when the arcs are complete 
circles. In fact, the foregoing formulas give for it 



M($) =(2^) M(2v) - ttV/VV 



^ 



-k 2 cos 2 -x—k' 



,:\ cos k sin' 



k 

' & cos 



(k cos 2)— sin * A: 



1 . 9. 

~F sin 2 log _ 



k sin 2+-4/I— ^ 2 cos 2 - 



4' 



(61) 



When the series 49 and 49' are known to converge so rapidly that 
only the first two terms need be retained, there is no need to use 
eq 57 and 57'. 

VI. THE HELIX EQUIVALENT TO A HELICAL WIRE 

Consider the unit current in wire w x to have the vector volume 
density whose magnitude is a function of the distance r\ from the x 
axis, say u { (r[). Its direction is that of the generating helical 
filament. 

An axial plane cuts the wire in a circular section of radius p u as 
specified in eq 5. If dS x is an element of area of this circular section, 
a helical tube whose (oblique) section is dSi carries the current, 



dT r - 



Ui(r[)dSi 

7^ 



since 



is the cosine of the angle between the normal to dSi and the direction 
of the current-density vector or tube. The total current carried by 
the wire is unity, so that 



m 



Ui(r'i)dSi 



1 + 



(?f 



(62) 



integrated over the circular section of the wire. 

In place of the rectangular coordinates x^—Xt and r\— r x of a point 
of this section referred to the center of the circle as origin (as used 
in eq 5), we may use the polar coordinates pi and 4> u where 



Xi l —Xi l =p 1 cos 0i and r^—rx — p^ sin fa, 
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in terms of which 

dSi= pidp'xdfa. 

Expanding the current density, Ui(r' 1 )=Ui(r 1 -\- p{ sin <£ x ), about the 
value r x (corresponding to the central filament of the wire) by Taylor's 
theorem and applying the condition 62, we obtain (to the second 
order, inclusive, in p x ) 

dI _ P w^^ 1+Aip[ sin fc +J?1 ( p? sin2 ^-^)], 



where 



Ui{r x ) l 2a 1 {r 1 ) 



With similar definitions of A 2 and B 2) etc., the current, dl 2} in a helical 
current tube of the second wire is 

dI 2 = p ^^[l+A 2P ' 2 sin 4*+B s (p? sin 2 fc~f )} 

so that 

j j jt Pidp\d<}>\p 2 dp 2 d<t>2\ -, tf A f •„ . , A * • , \ 
alidl 2 = — 2~r-2 1+ (Api sin 0i+-A 2 p 2 sin <fe) 

7T P1P2 I 

+B, (V1 2 sin 2 &- ^)+B 2 (p2 2 sin 2 fc-J^+iMipi sin <£ r p 2 sin &J. (63) 

The mutual inductance, m^ia^ between the two helical wires, Wi and w 2 , 
is found by multiplying this expression for dl x dl 2 by m and integrating 
over both circular sections of the wire, an operation which is equiva- 
lent to multiplying by 1 when applied to any terms of m except the 
finite part m e since the operation only alters the subject by a second- 
order fraction of itself. 

Now, by eq 13, replacing the x by x f 

JfdI 1 tfdI 2 me=ffdI 1 ffdI 2 o>e&^^ 

Also 

«#(a^— x'i) =oh(z\— x'^ r[, r 2 ) 

= oie(x e —x ii +p 2 cos ^2— pi cos fafi+pt sin <£i,r 2 +p 2 sin <£ 2 ), (65) 

w^here x e2 —x iv r h and r 2 refer to the central filaments of the wires. 
The expansion of this by Taylor's theorem for a function of three 
variables may be written symbolically (to the second order in p[ 
and p 2 ) 



<ae(x' H — a0 = |1 + [(p 2 cos fa— Pi cos 4h)-D*+Pi sin faD^+P* sin 2 J9 rj ] 

+ 2 [(pi cos 02— pi cos fo)P*-f pi sin *iZ? fl +Pa sin 0Z) rj ] 2 co fl (z,rir 2 ), (66) 
where x=x e2 —i il . 
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Multiplying eq 63 by eq 66 and integrating gives 

ffHiffditnter-4) 

= {l +| (D1+ D> ri +2AJ)r t ) + | (Di+D' r ,+2A t D T ^ at (;x,r 1 r a ), 

where x=x er — x t =i = the distance between end plane of the central 
filament of wire w 2 and the initial plane of the central filament of 
wires w x . On making use of the partial differential 36, this becomes 
so that 

\dlA J dl 2 0)e(x e —x i )=03e(x e2 —x a ) 

+lKF 1 +2 ^>n+^+2^>J«,+^^ 1 (ft.). (67) 

The expansion of the three remaining integrals of eq 64 is the same as 
this with the appropriate ^-arguments. 

The result is that, to the second order, the mutual inductance of 
the two wires is given by 

m wM =m+±[p^+2A^ (68) 

where h x and h 2 are their central helical filaments, with radii r x and r 2 . 
This may be written 



m wlW 2=me(r u r 2 ) +m x +m a) (69) 



where 



r l =r l +^Q i +2A 1 ^ and r 2 =r+£ (1+24,), (70) 

where all the m's except the principal one refer to the central helices 
of the two wires, and every m is expressed in terms of its itf-function, 
as in eq 13, with corresponding subscripts. 

The sole effect of giving the wires a radius is to increase the effective 
radii of their current sheets from r to r (to the second order), the 
length of the sheets being unaltered. The latter fact is explained in 
part by the particular manner in w r hich their lengths have been 
defined, and in part by the fact that the wire sections are circular, so 
that the terms which would represent an increase in effective length — 
being proportional to Dlue — have entered the result together with 
D 2 r o)e and their combined effects have been expressed in terms of 
D n ue and D r2 ooe by means of the partial differential eq 36. 

For distributions of current in both wires whose r-derivative 
vanishes at the central filament, the constants A x and A 2 are both 
zero. 
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The uniform current distribution is an example of this class. A 
correction equal to the above but opposite in sign is obtained for dis- 
tributions in which Ai— — l/r lf and A 2 = — l/r 2 , an example of this 
class being the "natural" distribution (Bi = l/rl ), whe re the current 
density varies inversely as the linear length V r2 +P 2 of the helical 
current filaments. A distribution for which Ai — — \l2r u A 2 — — l/2r 2 
would have no correction of this order of magnitude. 

Whatever assumption be made as to the current distribution, it will 
still be necessary to evaluate D ri m and D rs m roughly in order to 
estimate the effects of errors in determination of the mean radii, 
r x and r 2 . 

At present we are ignorant of the current distribution in such wires, 
so that for simplicity it would seem better to ignore altogether this 
correction for finite thickness of the wires. The assumption usually 
made of uniform current density carries with it a spurious precision. 

We can, however, allow for future increase of knowledge as to 
current distribution, with no less simplicity of treatment, by defining 
the helix which is equivalent to a helical wire as one having the same 
pitch and end planes as its central filament, but a cylindrical radius 



= a +| 2 (i +2 4 



where a is the mean cylindrical radius of the helical wire and p is the 
wire-radius — the interpretation of the constant A being the value at 
the central filament of the r-derivative of the current density, which 
was assumed to be a function of r only and in the direction of the 
helical filament. 

As far as we are concerned here, this disposes of the difference 
between helices and helical wires. AH the formulas in the preceding 
sections regarding mutual inductance of two helices and the force be- 
tween them are valid for the helical wires to which they are equivalent, 

VII. APPLICATION TO THE CURRENT BALANCE USED 
IN THE NATIONAL PHYSICAL LABORATORY 

If the x axis be taken vertically upward, the lower (or suspended) 
helix, called No. 1, has a mean radius r x =10 cm and length ^=15.2 
cm. The upper helix has radius r 2 =16 cm and length l 2 =11.0 cm. 
Both helices have the same pitch, 2irpi= 2wp 2 = 0.2 cm and an integral 
number of turns, 2Vi=76 and N 2 =55 turns. Hence, every 9 x =^a— 
#z 2 — 0*i the azimuth of the helices. The upper end of No. 1 projects 
into No. 2, so that the third ^-difference of eq 11 is negative. 

x i =:x e2 —x tl =+20.1 cm^ 2 - 0.5926 

x 2 =x e2 —x ei =+4c.9 cm— >& 2 2 = 0.9143 

x 3 =Xi 2 —x ei =—().l cm ->h 2 = 0.8974 

x A =x i2 —x h =-{-9.1 cm -^k 4 2 = 0.8434 

The force, /, acting on the suspended helix when botlrbarry unit 
current is 

/=/.+/,(«)+/.(«), (71) 
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where /e is the principal part due to angular components of current in 
the helices and by eq 13'. 

/,= — «/ (xO + W fe) ~ «•' fe) + <V (x 4 ) , (72) 

where the wO'(x) are given by eq 39. The small part/ x (a) denotes the 
residue due to ^-components of current in helices and lead wdres 
together and is given by 

J x (a) = —Q)' x (x u a) + a>' x (x 2 ,a) — u x (x 3 ,a) + «i (x it a) , (73) 

where the (fi' 9 {x f a) are given by eq 46'. 
The last part, f a (a), is given similarly by 

J a (a) = — u a (x 1} a)+o)' a (x 2 ,a) — <a a (x z ,a)+<a a (x i3 a) f (74) 

where the Wa(z,a) may be computed by eq 49' or 57'. Both a)' x (x,a) 
and u a (x,a) are even periodic functions of a, with period 2tt, so the 
same is true of f x (a) and f a (a). 

In the actual coils, however, there are tw r o helices on each cylinder 
differing in azimuth by it, so that when each carries unit current the 
force on the suspended coil is F, where 

F=F e +F x (a)+F a (a), (75) 

where 

F x (a)=2\J x (a)+Ua + T)}\ (76) 

F a (a)=2[f a (a)+Ma+7r)l 

This makes the azimuthal terms, F x (a) and F a (a), each even periodic 
functions of a, with period tt, so that 

F x {a) +F a (a) -S^2n cos 2na. (77) 

P. Vigoureux of the National Physical Laboratory of England has 
recently reported to this Bureau that in the absence of a formula for 
the coefficients C 2n he has evaluated experimentally the first coefficient, 
C 2) assuming the first term to be the only one of the series of practical 
importance. This he did by measuring the force for three different 
azimuths a=3°, 15°, and 85°. 

In order to see what part of C 2 is due to axial components of current 
and what part is due to the azimuth terms wl, let 

C 2n = Gf n + C%a . (78) 

Reference to eq 72, 76, and 46" shows that the effect of axial currents 
is given by 

^ = ^^(?) 2 V^i+rf 2 -^3+^}, (79) 

-yjrir 2 n\7 2 / 
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and eq 49' shows that 

^2»=-r := I^2 { ~a? 1 ^[^ + i(ifci)+^-i(Ai)]+a^{^^i(fc 2 )+^. 1 (A2)] 
■yjr^^ 71 

— X z kl[<t>2n+l (h) + 0271-1 (h)] +xM[<l>2n+l (**) + <£ 2 »-i (h)] } (80) 

Placing n=l 

Cl=-1=( - ) [-^1+^2-^3+^4]= +0.103 dynes (81) 
Vrir 2 V2/ 

-^ p W +*^ ]+^ p to ^ ] (82) 
From the recurrence relations 20 and 21, it is found that 

-?B+5F] r '* ) -(p -1 ) F, * ) !-;? r(t '' < 83 > 

where Y x and F 2 are the functions defined in eq 23, which may be 
taken from tables. 

F^fc) =2.086, 9.100, 8.165, and 6.072 for k u &,, k Zi and ^ 

F 2 (fc) = 1.490, 25.663, 20.049, and 10.796 
F(fc) = 0.401, 9.04, 6.57, and 3.41 

C a 2 =~A= ( — «k3T0fcO +^F(fe) -z 3 Ffe) +*r<M } -0.86 dyne. 
* ynr a 

Hence 

(^+^=0.86+0.10 = 0.96 dyne, which differs from the observed 
value 1 dyne by less than the experimental error. 
The force F*= 94,527.22 dynes, so that 

^=94,527.22 + 0.96 cos 2a 

For azimuth a=0 or ?r, this azimuthal term amounts to 10 parts 
in a million. 

VIII. SUMMARY 

The self inductance between two coaxial helices and the force 
between them are given in terms of four co-functions, and their #- 
derivatives, respectively, as in eq 13 and 13', the four z-distances 
being denned in eq 11 with their respective azimuthal differences 9 X , 
Resolving these functions into three components, w(a;)=«y(x) +«*(sc) 
+ co a (#,0 x ), the principal part corresponds to the mutual inductance 
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between the two associated current sheets, with angular components 
of current, and <x> x (x) with axial components. The last term, 03 a (xfi x ) i 
is like oo x (x), a second-order correction term applied to the finite term, 
ue(x), where the ratio of pitch to cylindrical radius is considered a 
first-order infinitesimal. 

The principal term, coe(x), is given by eq 37 and w x (x) by eq 39. 
The first is equivalent to Jones 7 formula for current sheets. The 
terms co x (x) and oo' x (x) are given by eq 42 and 43. 

The azimuthal terms, u a (x,d x ) and J a {xfi x ), are given by the series 
eq 49 and 49' and in finite terms by eq 57 and 57 '. 

These formulas are not restricted to the case where the helices have 
an integral number of turns but are quite general. They need not 
have the same pitch. For the case most common in practice where 
the numbers of turns are integers and the lead wires are straight lines 
parallel and close to the generator of the cylindrical current sheet, 
the total effect of all axial components of current in helices and lead 
wires together is represented by a function ai x (x) which is given by 
eq 46, and its x-derivative by eq 46'. 

It is shown in section VII that the azimuthal variation of the force 
computed by these equations agrees (within experimental errors) with 
that observed at the National Physical Laboratory. 

The correction terms given in section VI take account of the finite 
diameter of helical wires. They require a knowledge of the current 
distribution in the wires. 

These formulas are valid to the second order, inclusive, provided 
no parts of the two helices lie very close to each other, that is, at 
distances of the order of magnitude of the pitch of the windings. 

Washington, December 21, 1938. 

o 
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